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We prove that a system of non-interacting electrons proximity coupled to a conventional s-wave
superconductor cannot realize a time reversal invariant topological phase. This is done by showing
that for such a system, in either one or two dimensions, the topological invariant of the corresponding
symmetry class (DIII) is always trivial. Our results suggest that the pursuit of Majorana bound
states in time-reversal invariant systems should be aimed at interacting systems or at proximity to
unconventional superconductors.
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Introduction.—Topological superconductors (TSCs)
are characterized by a bulk superconducting gap and
topologically protected subgap boundary excitation. The
nature of these excitations depends on the dimensional-
ity and the symmetries of the system [1, 2]. In symmetry
class D [3], with only particle-hole symmetry (PHS), and
in one dimension (1d), these are the zero-energy Majo-
rana bound (MBSs) states [4–6].
Symmetry class DIII includes systems which in addi-
tion to PHS, possess a time-reversal symmetry (TRS)
which squares to −1. This dictates a Kramers degener-
acy of the single-particle spectrum. In the topological
phase such a system would therefore host a pair of zero-
energy MBSs, related by time reversal [7]. Indeed, such a
time-reversal invariant topological superconductor (TRI-
TOPS) can be thought of as two copies of a topological
superconductor in class D. This is analogous to the topo-
logical insulator which is equivalent to two copies of a
quantum Hall insulator.
Experimentally realizing the TRITOPS phase is a ma-
jor outstanding challenge in the study of topological
phases in condensed matter. To this date, however,
attempts have been focused on realizing the class D
TSC [8–15]. An important breakthrough in this context
was the understanding that one can realize class D TSC
using a combination of spin-orbit coupling and proximity
to an s-wave superconductor, in a system of noninteract-
ing electrons [16–21].
In this Rapid Communication we prove that, unlike
in class D, the topological phase of class DIII cannot be
realized using proximity of a conventional s-wave super-
conductor to a system of noninteracting electrons. This
was previously shown to be correct in two particular sys-
tems [22, 23]. In this work we prove it for the most
general system of noninteracting electrons, and the most
general form of coupling to the superconductor.
Our result suggests that to realize the TRITOPS
phase one should consider interactions between the elec-
trons [23–29], or use proximity to unconventional super-
conductors [22, 30, 31]. One can also use two s-wave
superconductors with a phase difference between them
(a) (b)
FIG. 1: The considered physical setups. (a) A quasi one-
dimensional system (referred to as a wire) in proximity to a
conventional s-wave superconductor. As long as there are no
interactions between the electrons in the wire, the system will
never be in the topological phase of class DIII. (b) This state-
ment can be extended to the case of a quasi two-dimensional
system.
which is tuned to pi [32–34]. In 2d and 3d, intrinsic TRI-
TOPS have been proposed [35–41], which do not involve
the proximity effect [42].
We start by writing the model, consisting of both the
parent superconductor and the system as depicted in
Fig. 1(a). We integrate out the superconductor’s degrees
of freedom and obtain the Green’s function of the system
alone. Next we construct the Z2 topological invariant for
a general class-DIII system in 1d, and show that this in-
variant always takes its trivial value. We then extend
this result to the case of a 2d proximitized system [see
Fig. 1(b)]. Finally, we generalize the proof to include also
non translationally-invariant systems.
Model.—We consider a quasi–1d system (hereafter re-
ferred to as a “wire”) of noninteracting electrons, coupled
to a bulk superconductor (SC). The Hamiltonian describ-
ing the combined system reads
H = Hw +Hsc +Hc,
Hw =
∑
k
ψ†kh
w
k ψk,
Hsc =
∑
k
[
η†kh
sc
k ηk +
1
2
(η†k∆kη
†T
−k + h.c.)
]
,
Hc =
∑
k
(η†ktkψk + h.c.),
(1)
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2where k is the momentum along the wire’s axis. Hw and
Hsc are the Hamiltonians describing the wire and the
SC, respectively, and Hc describes the coupling between
them. For every k, ψ†k and η
†
k are row vectors of fermionic
creation operators of states in the wire and the super-
conductor, respectively. These states include all degrees
of freedom within a unit cell including spin, transverse
modes, sublattice sites, atomic orbitals etc. Correspond-
ingly, hwk , h
sc
k , ∆k, and tk are matrices operating on these
internal degrees of freedom. In writing Eq. (1) we have
assumed that the interactions in the SC are adequately
described within mean-field theory through the pairing
potential matrix, ∆k [43]. Due to fermionic statistics
one can, without loss of generality, take the pairing ma-
trix to obey ∆T−k = −∆k, where the superscript stands
for the transpose of a matrix. In Eq. (1), we have as-
sumed that the system is translationally invariant; how-
ever, below we argue that our conclusions hold even in
non-translationally invariant systems, e.g., in the pres-
ence of disorder.
Here, we consider systems which belong to symmetry
class DIII. The Hamiltonian H has TRS that squares to
−1. The application of such a time-reversal operation
most generally reads
TψkT−1 = Twψ−k ; TηkT−1 = Tscη−k
TiT−1 = −i, (2)
where Tw and Tsc are unitary matrices operating in the
spaces of states in the wire and the superconductor, re-
spectively, and which furthermore obey Tw(sc)T ∗w(sc) =
−1. The last property is what distinguishes systems
in class DIII from systems in class BDI [44, 45] in
which TRS squares to 1. Enforcing TRS on the system,
THT−1 = H, amounts to the following conditions
T †whw∗−kTw = hwk , T †schsc∗−kTsc = hsck ,
T †sct∗−kTw = tk , T †sc∆∗−kT ∗sc = ∆k.
(3)
The last equality, together with the property ∆T−k =
−∆k, guarantee that ∆kTsc is an Hermitian matrix.
In this work, we focus on the case where the pairing po-
tential of the parent superconductor satisfies that ∆kTsc
is a positive semi-definite (PSD) matrix [46]. Namely
〈u|∆kTsc|u〉 ≥ 0 for all vectors |u〉, and all momenta
k. In particular, this includes for example the case of
a conventional s-wave superconductor, in which the or-
der parameter has a uniform phase on all the bands (and
no interband pairing). Note also that this condition ex-
cludes both the case considered in Ref. [22], where the
superconductor has an s± order parameter with a rel-
ative pi phase between different bands, and the case of
Refs. [32, 33], where there are two superconducting leads
that form a pi junction.
The simplest example of a time reversal invariant su-
perconductor with a positive semi-definite ∆kTsc is a sin-
gle band s-wave superconductor, whose pairing potential
is
(∆k)kT,s;k′T,s′ = ∆0iσ
y
ss′δkT,−k′T , (4)
where {σα}α=x,y,z is the set of pauli matrices operat-
ing in spin space, kT labels the transverse momenta of
states in the superconductor, and ∆0 is a number which
we can choose to be real and positive. The time-reversal
matrix is given in this example by (Tsc)kT,s;k′T,s′ =−iσyss′δkT,−k′T , which indeed results in ∆kTsc = ∆0 being
a PSD matrix. In what follows we will not limit ourselves
to the example of Eq. (4), but rather consider the most
general matrix ∆k for which ∆kTsc is PSD [47]. In par-
ticular, the superconductor can have multiple bands.
Below we prove that as long as ∆kTsc is PSD, the wire
is in the topologically-trivial phase. We do this in two
steps. First, we show that upon integrating out the SC,
the anomalous part of the zero-frequency self energy is
also PSD. Second, we show that, as a result, the Z2 topo-
logical invariant always assumes its trivial value.
Integrating out the superconductor.—We wish to ob-
tain the Green’s function describing the wire, where
the superconducting proximity effect is expressed by an
anomalous self-energy term. We start by writing the
Hamiltonian in a BdG form
H =
1
2
∑
k
Ψ†k
(Hwk V †k
Vk Hsck
)
Ψk, (5)
using the Nambu spinor Ψ†k = (ψ
†
k, ψ
T
−kTw, η†k, ηT−kTsc),
where
Hwk = τz ⊗ hwk (6a)
Hsck = τz ⊗ hsck + τx ⊗∆kTsc, (6b)
Vk = τ
z ⊗ tk, (6c)
and where {τα}α=x,y,z are Pauli matrices in particle-hole
space. In writing Eqs. (5, 6), we have used the relations
given in Eq. (3). The Green’s function of the wire, Gwk (ω),
is obtained by integrating out the SC,
Gwk (ω) = [iω −Hwk − Σk(ω)]−1, (7a)
Σk(ω) = V
†
k g
sc
k (ω)Vk, (7b)
gsck (ω) = (iω −Hsck )−1, (7c)
where Σk(ω) is the self energy, and g
sc
k (ω) is the Green’s
function of the parent SC in the absence of coupling to
the wire.
Using Eqs. (6b) and (7c), one can check that gsck (0) is
Hermitian and obeys τygsck (0)τ
y = −gsck (0). It therefore
has the following structure:
gsck (0) = τ
z ⊗ gNk + τx ⊗ gAk , (8)
where gNk and g
A
k are Hermitian matrices. This also
means that the zero-frequency self energy has the same
structure, Σk(0) = τ
z⊗ΣNk +τx⊗ΣAk , with ΣNk = t†kgNk tk
3and ΣAk = −t†kgAk tk being the normal and anomalous
parts, respectively. Upon rotating gsck (0) in Eq. (7c)
by the unitary transformation exp(ipiτx/4), and using
Eqs. (6b) and (8), it follows that
(∆kTsc − ihsck )(gAk + igNk ) = −1. (9)
One then arrives at
〈u|ΣAk |u〉 = −〈u|t†kgAk tk|u〉 = −Re〈u|t†k(gAk − igNk )tk|u〉
= Re〈u|t†k(gAk − igNk )(∆kTsc − ihsck )(gAk + igNk )tk|u〉
= Re〈v|∆kTsc − ihsck |v〉 = 〈v|∆kTsc|v〉 ≥ 0,
(10)
where |u〉 is an arbitrary vector, |v〉 ≡ (gAk + igNk )tk|u〉,
and we have used the fact that gNk , g
A
k , and h
sc
k are Her-
mitian. Namely, we have proved that ΣAk is PSD.
The topological invariant.—We now follow Ref. [24]
and construct the Z2 topological invariant for a general
gapped quasi 1d system in class DIII [48]. We then ap-
ply it to the system under consideration and show that,
due to the positivity of ΣAk , the invariant always as-
sumes its trivial value. We define the effective Hamil-
tonian of the wire system using its Green’s function,
Heffk = −[Gwk (0)]−1. By setting ω = 0 in Eq. (7a) one
obtains
Heffk = τz ⊗ (hwk + ΣNk ) + τx ⊗ ΣAk , (11)
where we have used the structure of Σk(0) as given below
Eq. (8). This Hamiltonian obeys a time-reversal sym-
metry, T †wHeff∗−k Tw = Heffk , as well as a chiral symmetry,
τyHeffk τy = −Heffk , and is therefore in class DIII.
Written in the basis which diagonalizes the chiral sym-
metry, the Hamiltonian takes the form
ei
pi
4 τ
xHeffk e−i
pi
4 τ
x
=
(
0 Qk
Q†k 0
)
. (12)
We use the singular value decomposition to write Qk =
U†kDkVk, where Uk, Vk are unitary matrices and Dk is
a square diagonal matrix with non-negative elements on
its diagonal. By squaring Heffk it becomes apparent that
the elements of Dk are the positive eigenvalues of Heffk .
Since Heffk is gapped, there are no zero elements on the
diagonal of Dk, and it is thus positive definite.
We can adiabatically deform Dk to the identity matrix
without closing the gap, and therefore without chang-
ing the topological invariant. This in turn deforms the
Hamiltonian, Heffk → H˜effk , such that H˜effk has two flat
bands at energies ±1 (in the appropriate units), but the
same eigenstates as Heffk (and therefore the same sym-
metries). H˜effk is given by Eq. (12) with Qk replaced by
Q˜k = U
†
kVk, which is now a unitary matrix. The TRS
of H˜effk implies that T †wQ˜∗−kTw = Q˜†k. Together with the
unitarity of Q˜k this dictates that for every eigenstate
Q˜k|αn,k〉 = eiθn,k |αn,k〉, (13)
(a) (b)
FIG. 2: Examples of spectra of the unitary matrix Q˜k [see
Eq. (12) and below], corresponding to (a) a topologically triv-
ial case, and (b) a topologically nontrivial case. The eigen-
values of Q˜k are phases given by {exp(iθn,k)}n. Due to time-
reversal symmetry the eigenvalues come in pairs, θn,k and
θn,−k, corresponding to the blue and red lines, respectively.
The parity of the winding number of the blue (or red) line
gives the class-DIII topological invariant in 1d. For a nonin-
teracting system in proximity to an s-wave superconductor,
the winding number of any angle θn,k will always be zero [see
Eq. (15) and below], rendering such a system topologically
trivial.
there is another eigenstate of Q˜k, T †w |αn,−k〉∗ with an
eigenvalue exp(iθn,−k). Thus, at the time-reversal in-
variant momenta, k = 0, pi, the eigenvalues of Q˜k come
in Kramers’ degenerate pairs.
Considering the spectrum of Q˜k as a function of k ∈
[−pi, pi], it follows that the number of pairs of degener-
ate states at a given value θ cannot change by an odd
number during an adiabatic change which leaves the gap
of Heffk open. The parity of the number of degenerate
pairs is therefore a topological invariant. Alternatively
stated, upon dividing the eigenvalues of Q˜k to two groups
{exp(iθIn,k)}n and {exp(iθIIn,k)}n, related by time rever-
sal, θIIn,k = θ
I
n,−k, the topological invariant is given by
ν1d = (−1)W ; W =
∑
n
1
2pi
∫ k=pi
k=−pi
dθIn,k, (14)
namely, the parity of the sum of windings of {θIn,k}n. Fig-
ure 2 presents examples of trivial and topological spectra
of Q˜k.
Eq. (14) is correct for any quasi 1d system in class
DIII. Let us now concentrate on the system at hand,
namely one which is given by Eq. (1), with ∆kTsc being
PSD. Inserting Eq. (11) in Eq. (12), one arrives at Qk =
ΣAk − i(hwk + ΣNk ). From the positivity of ΣAk , derived in
Eq. (10), and the fact that hwk and Σ
N
k are Hermitian, it
follows that
0 ≤〈αn,k|ΣAk |αn,k〉 = Re〈αn,k|Qk|αn,k〉
= Re〈αn,k|U†kDkVk|αn,k〉
= Re〈αn,k|Q˜kV †kDkVk|αn,k〉
=2 cos θn,k · 〈Vkαn,k|Dk|Vkαn,k〉,
(15)
and since Dk is positive definite, we conclude that
cos θn,k ≥ 0 for all n and k. Namely none of the phases
θn,k can have a non-zero winding number as k changes
4from −pi to pi, which in particular means that the topo-
logical invariant, Eq. (14), is always trivial, ν1d = 1.
Two dimensions.—We wish to generalize our result to
the case of a 2d system in proximity to a bulk super-
conductor, as depicted in Fig. 1(b). The combined sys-
tem is described by the Hamiltonian of Eq. (1), with
k → k = (kx, ky). All the results, excluding Eq. (14),
are still valid in the 2d case under this substitution. The
Z2 two-dimensional topological invariant can be obtained
from the 1d invariant by [49]
ν2d = ν1d[Heffkx=0,ky ]ν1d[Heffkx=pi,ky ]. (16)
Before proving Eq. (16), let us first draw from it our main
conclusion. The Hamiltonians Heffkx=0,ky and Heffkx=pi,ky
both belong to class DIII in 1d, and are of the form of
Eq. (11) with a PSD anomalous part. Consequently, as
we proved above, both Heffkx=0,ky and Heffkx=pi,ky are topo-
logically trivial. From Eq. (16) it then follows that the
2d Hamiltonian Heffkx,ky is trivial as well [50].
We now argue that the two-dimensional topological in-
variant in class DIII is given by Eq. (16). This is most
readily seen by considering a semi-infinite system with
periodic boundary conditions in the x direction, and an
edge along the line y = 0. The non-trivial phase is char-
acterized by having an odd number of helical edge modes.
At the edge of such system, at every energy inside the
bulk gap, there must be an odd number of Kramers’
pairs of edge states, similarly to the case of the two-
dimensional topological insulator [51, 52]. Let us focus on
E = 0 (which is in the middle of the gap, due to particle-
hole symmetry). At kx = 0, the number of Kramers’
pairs is equal to the Z2 invariant of the corresponding
DIII one-dimensional Hamiltonian Heffkx=0,ky . The same
is true at the other time reversal invariant momentum,
kx = pi. Due to time reversal and chiral symmetries, the
number of zero energy Kramers’ pairs at momenta away
from kx = 0, pi must be even. Therefore, the parity of
the total number of Kramers’ pairs at E = 0 is equal to
ν1d[Heffkx=0,ky ]ν1d[Heffkx=pi,ky ], which is the right hand side
of Eq. (16).
Extension to non-translationally invariant systems.—
So far, we assumed that the system is translationally in-
variant along the direction of the wire in the 1d case,
or in the plane of the system in the 2d case [Figs. 1(a)
and 1(b), respectively]. However, our results holds even
without translational symmetry, e.g., in the presence of
disorder.
To see this, consider a disordered system in either 1d
or 2d, coupled to a superconductor. Imagine a disorder
realization which is periodic in space, with a period that
is much larger than any microscopic length scale (in par-
ticular, the induced superconducting coherence length).
By the arguments presented in the preceding sections, the
resulting translationally invariant system is topologically
trivial. Hence, at its boundary there are no topologically
non-trivial edge states. Since the size of the unit cell is
much larger than the coherence length, the periodicity of
the system cannot matter for the existence or the lack
of edge states. Therefore, a single unit cell corresponds
to a finite disordered system, which (as its size tends to
infinity) is in the topologically trivial phase, as well.
Discussion.—We have examined a general time-
reversal symmetric system of noninteracting electrons in
proximity to a bulk conventional superconductor. It was
shown that irrespective of any details of the electronic
structure of the system and the form of its coupling to
the superconductor, the system is always in a topologi-
cally trivial phase.
More generally, the condition for the system to be
trivial is that the pairing matrix of the parent super-
conductor, ∆k, satisfies that ∆kTsc is positive semi-
definite, where Tsc is the representation of time-reversal
[see Eqs. (1) and (2)]. In particular, this condition applies
for example to the case of a conventional s-wave super-
conductor, in which the gap function has the same sign
on all bands (and there is no interband pairing). The par-
ent superconductor can have any number of bands and
an arbitrary form of spin-orbit coupling.
These results have implications for the search for real-
izations of time-reversal invariant topological supercon-
ductors in class DIII. In order to avoid the trivial fate
of the system, one has to either invoke strong enough
electron-electron interactions [23–29], or use a parent SC
for which ∆kTsc is not positive semi-definite. This can
be an unconventional SC [22, 30, 31], or a combination
of two SCs in a pi junction [32–34].
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